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Stochastic Structural Optimization
[Langlois et al. 2016]

26⇥ 34⇥ 28

<latexit sha1_base64="PCjj+Eg0paQt65+/Myrgu7s4gHY=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCK5KUoN2WXTjsoK9QBvKZDpph04mYWYilNqFr+LGhSJufQ13vo3TNoK2/jDw8Z9zOGf+IOFMacf5snIrq2vrG/nNwtb2zu6evX/QUHEqCa2TmMeyFWBFORO0rpnmtJVIiqOA02YwvJ7Wm/dUKhaLOz1KqB/hvmAhI1gbq2sflS9QR7OIKnTu/VC50rWLTsmZCS2Dm0ERMtW69menF5M0okITjpVqu06i/TGWmhFOJ4VOqmiCyRD3adugwGaPP57dP0GnxumhMJbmCY1m7u+JMY6UGkWB6YywHqjF2tT8r9ZOdVjxx0wkqaaCzBeFKUc6RtMwUI9JSjQfGcBEMnMrIgMsMdEmsoIJwV388jI0yiXXK3m3XrF6lcWRh2M4gTNw4RKqcAM1qAOBB3iCF3i1Hq1n6816n7fmrGzmEP7I+vgGJLSUQw==</latexit>

~ 1 hrs per iteration
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Initial 
shapes:

[Langlois et al.]
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[Langlois et al.]

Ours

28⇥ 44⇥ 28

<latexit sha1_base64="LOceUEN27UDgl4l3JCboQIXNu74=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclKQG7LLpxWcFeoA1lMp20QyeTMHMilNiFr+LGhSJufQ13vo3TNoK2/jDw8Z9zOGf+IBFcg+N8WYW19Y3NreJ2aWd3b//APjxq6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g7G17N6+54pzWN5B5OE+REZSh5ySsBYffukWsM94BHT2PN+qFrr22Wn4syFV8HNoYxyNfr2Z28Q0zRiEqggWnddJwE/Iwo4FWxa6qWaJYSOyZB1DUpi9vjZ/P4pPjfOAIexMk8Cnru/JzISaT2JAtMZERjp5drM/K/WTSGs+RmXSQpM0sWiMBUYYjwLAw+4YhTExAChiptbMR0RRSiYyEomBHf5y6vQqlZcr+LdeuX6VR5HEZ2iM3SBXHSJ6ugGNVATUfSAntALerUerWfrzXpftBasfOYY/ZH18Q0pc5RG</latexit>

~ 6 hrs per iteration
97.3 g

~ 2.4 minutes per iteration
36.7 g



Outline
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• Stochastic Structural Optimization 
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Structure Optimization
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[Bendsoe et al. 1989] [Wang et al. 2013]
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f

<latexit sha1_base64="qK2P/1YAcZKu7UP3s7PrcBRCaRw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGQVhFk775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n88RTcmaVAQljZZ80ZK7+3shopPUkCuzkLKFe9mbif143NeG1n3GZpAYlW3wUpoKYmMzOJwOukBkxsYQyxW1WwkZUUWZsSSVbgrd88ippXVS9WvXyvlap3+R1FOEETuEcPLiCOtxBA5rAQMIzvMKbo50X5935WIwWnHznGP7A+fwB5HeREg==</latexit>

u = K�1f

<latexit sha1_base64="I35+MLndj/ndMfRttW/+ymmMLnA=">AAACD3icbVC7SgNBFL0bXzG+Vi1tBoNiY9iViDZC0EawiWAekKxhdjKbDJl9MDMrhGX/wMZfsbFQxNbWzr9xNg/QxAMD555zL3PvcSPOpLKsbyO3sLi0vJJfLaytb2xumds7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwB1eZ33igQrIwuFPDiDo+7gXMYwQrLXXMw7aPVd/1kjhFF2ha3KT3ybGdTksv7ZhFq2SNgOaJPSFFmKDaMb/a3ZDEPg0U4VjKlm1FykmwUIxwmhbasaQRJgPcoy1NA+xT6SSje1J0oJUu8kKhX6DQSP09kWBfyqHv6s5sQznrZeJ/XitW3rmTsCCKFQ3I+CMv5kiFKAsHdZmgRPGhJpgIpndFpI8FJkpHWNAh2LMnz5P6Sckul05vy8XK5SSOPOzBPhyBDWdQgWuoQg0IPMIzvMKb8WS8GO/Gx7g1Z0xmduEPjM8fTGac2A==</latexit>

f

<latexit sha1_base64="qK2P/1YAcZKu7UP3s7PrcBRCaRw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGQVhFk775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n88RTcmaVAQljZZ80ZK7+3shopPUkCuzkLKFe9mbif143NeG1n3GZpAYlW3wUpoKYmMzOJwOukBkxsYQyxW1WwkZUUWZsSSVbgrd88ippXVS9WvXyvlap3+R1FOEETuEcPLiCOtxBA5rAQMIzvMKbo50X5935WIwWnHznGP7A+fwB5HeREg==</latexit>

f

<latexit sha1_base64="qK2P/1YAcZKu7UP3s7PrcBRCaRw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGQVhFk775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n88RTcmaVAQljZZ80ZK7+3shopPUkCuzkLKFe9mbif143NeG1n3GZpAYlW3wUpoKYmMzOJwOukBkxsYQyxW1WwkZUUWZsSSVbgrd88ippXVS9WvXyvlap3+R1FOEETuEcPLiCOtxBA5rAQMIzvMKbo50X5935WIwWnHznGP7A+fwB5HeREg==</latexit>

is fixed

Compliance: uTKu

<latexit sha1_base64="bT/u3MYYlPmTGfYO74gTe3Nc2NA=">AAACC3icbVDLSsNAFL2pr1pfUZduhhbBVUlE0WXRjeCmQl/QxjKZTtqhkwczE6GE7N34K25cKOLWH3Dn3zhpI2rrgYEz59zLvfe4EWdSWdanUVhaXlldK66XNja3tnfM3b2WDGNBaJOEPBQdF0vKWUCbiilOO5Gg2Hc5bbvjy8xv31EhWRg01CSijo+HAfMYwUpLfbPc87EauV4Sp7cN9P25TtGP3jcrVtWaAi0SOycVyFHvmx+9QUhinwaKcCxl17Yi5SRYKEY4TUu9WNIIkzEe0q6mAfapdJLpLSk61MoAeaHQL1Boqv7uSLAv5cR3dWW2oZz3MvE/rxsr79xJWBDFigZkNsiLOVIhyoJBAyYoUXyiCSaC6V0RGWGBidLxlXQI9vzJi6R1XLVPqqc3J5XaRR5HEQ6gDEdgwxnU4Arq0AQC9/AIz/BiPBhPxqvxNistGHnPPvyB8f4Fu5SbgA==</latexit>

Minimization: min
!

uTKu

<latexit sha1_base64="s7DAh1FwyxgYfkPgZz028xiB8DE=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjOi6EYouhHcVOgLOrVk0kwbmseQZIQyzNe48VfcuKiIuPNTzLRFauuFkJNz7iX3nCBiVBvX/XJyK6tr6xv5zcLW9s7uXnH/oKFlrDCpY8mkagVIE0YFqRtqGGlFiiAeMNIMhreZ3nwiSlMpamYUkQ5HfUFDipGxVLd47XMquokfSNbTI26vxJec9FGaQp8jMwjCJE4fa7+P+3m+Wyy5ZXdScBl4M1ACs6p2i2O/J3HMiTCYIa3bnhuZToKUoZiRtODHmkQID1GftC0UiBPdSSY2U3himR4MpbJHGDhh5ycSxHXmwXZmG+pFLSP/09qxCa86CRVRbIjA04/CmEEjYZYZ7FFFsGEjCxBW1O4K8QAphI1NtmBD8BYtL4PGWdk7L188nJcqN7M48uAIHINT4IFLUAF3oArqAINn8ArG4N15cd6cD+dz2ppzZjOH4E853z9slqeV</latexit>



Structure Optimization
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Compliance Minimization

[Lu et al. 2014]

[Liu et al. 2018]

Weight Minimization

[Lee et al. 2012]

[Ulu et al. 2018]



Failure Analysis
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[Zhou et al. 2013]

Worse Case 
Structure Analysis

[Langlois et al. 2016]

Stochastic Case 
Structure Analysis



Structure Optimization
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[Ulu et al. 2017]

Worse Case Structure Optimization

Stochastic Structure Optimization

[Langlois et al. 2016]

fi

<latexit sha1_base64="z2FteUDM7ujCTkfORR8W1yyXdyI=">AAAB83icdVDLSsNAFL3xWeur6tLNYBFchSTGtu6KblxWsA9oQplMJ+3QyYOZiVBCf8ONC0Xc+jPu/BsnbQUVPTBwOOde7pkTpJxJZVkfxsrq2vrGZmmrvL2zu7dfOTjsyCQThLZJwhPRC7CknMW0rZjitJcKiqOA024wuS787j0VkiXxnZqm1I/wKGYhI1hpyfMirMZBmIezARtUqpZ52ag5bg1ZpmXVbccuiFN3z11ka6VAFZZoDSrv3jAhWURjRTiWsm9bqfJzLBQjnM7KXiZpiskEj2hf0xhHVPr5PPMMnWpliMJE6BcrNFe/b+Q4knIaBXqyyCh/e4X4l9fPVNjwcxanmaIxWRwKM45UgooC0JAJShSfaoKJYDorImMsMFG6prIu4eun6H/ScUzbNS9u3WrzallHCY7hBM7Ahjo04QZa0AYCKTzAEzwbmfFovBivi9EVY7lzBD9gvH0CxmmSMA==</latexit>

f1

<latexit sha1_base64="j8pISRyt2M8LTeCqqP6nMks3Fi0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CNMwGqZcNqjW37s6AlolXkBoUaA6qX/2hJElEhSEca93z3Nj4KVaGEU6zSj/RNMZkgke0Z6nAEdV+OkudoROrDFEolX3CoJn6eyPFkdbTKLCTeUq96OXif14vMeGVnzIRJ4YKMj8UJhwZifIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv88jJpn9W98/rF3XmtcV3UUYYjOIZT8OASGnALTWgBAQXP8ApvzpPz4rw7H/PRklPsHMIfOJ8/3ZySwg==</latexit>

f2

<latexit sha1_base64="q3Elf2GM6JKFoDRDNR7kJlEpGWY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiSlosuiG5cV7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8n83iOVioXiXs8j6gZ4IpjPCNZGehgGWE89P/HTUdJIR9WaXbdzoFXiFKQGBdqj6tdwHJI4oEITjpUaOHak3QRLzQinaWUYKxphMsMTOjBU4IAqN8lTp+jMKGPkh9I8oVGu/t5IcKDUPPDMZJZSLXuZ+J83iLV/5SZMRLGmgiwO+TFHOkRZBWjMJCWazw3BRDKTFZEplphoU1TFlOAsf3mVdBt1p1m/uGvWWtdFHWU4gVM4BwcuoQW30IYOEJDwDK/wZj1ZL9a79bEYLVnFzjH8gfX5A98hksM=</latexit>

f3

<latexit sha1_base64="nWtSsjhKQYpuGMQgBFBxxw3f/70=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRa0WXRjcsK9gFtLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnaRbaemDgcM693DPHizhT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqDCWhLZJyEPZ87CinAna1kxz2oskxYHHadeb3mR+95FKxUJxr2cRdQM8FsxnBGsjPQwCrCeen/jpMDlPh9WaXbdzoGXiFKQGBVrD6tdgFJI4oEITjpXqO3ak3QRLzQinaWUQKxphMsVj2jdU4IAqN8lTp+jEKCPkh9I8oVGu/t5IcKDULPDMZJZSLXqZ+J/Xj7V/5SZMRLGmgswP+TFHOkRZBWjEJCWazwzBRDKTFZEJlphoU1TFlOAsfnmZdM7qTqN+cdeoNa+LOspwBMdwCg5cQhNuoQVtICDhGV7hzXqyXqx362M+WrKKnUP4A+vzB+CmksQ=</latexit>

f4

<latexit sha1_base64="MF1b6VikLHbQ5deyniaq3J2eT0E=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmp6LLoxmUF+4B2LJk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOkoUoS0S8Uh1A6wpZ5K2DDOcdmNFsQg47QSTm9zvPFKlWSTvzTSmvsAjyUJGsLHSQ19gMw7CNMwGaT0bVKpuzZ0BLROvIFUo0BxUvvrDiCSCSkM41rrnubHxU6wMI5xm5X6iaYzJBI9oz1KJBdV+OkudoVOrDFEYKfukQTP190aKhdZTEdjJPKVe9HLxP6+XmPDKT5mME0MlmR8KE45MhPIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eu3irl5tXBd1lOAYTuAMPLiEBtxCE1pAQMEzvMKb8+S8OO/Ox3x0xSl2juAPnM8f4iuSxQ==</latexit>

f5

<latexit sha1_base64="OP3OGrdP8Wkg31Ftm5qhb7JjHl4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTSosuiG5cV7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8n83iOVioXiXs8j6gZ4IpjPCNZGehgGWE89P/HTUdJMR9WaXbdzoFXiFKQGBdqj6tdwHJI4oEITjpUaOHak3QRLzQinaWUYKxphMsMTOjBU4IAqN8lTp+jMKGPkh9I8oVGu/t5IcKDUPPDMZJZSLXuZ+J83iLV/5SZMRLGmgiwO+TFHOkRZBWjMJCWazw3BRDKTFZEplphoU1TFlOAsf3mVdC/qTqPevGvUWtdFHWU4gVM4BwcuoQW30IYOEJDwDK/wZj1ZL9a79bEYLVnFzjH8gfX5A+OwksY=</latexit>
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Stochastic Structural Optimization

13

Initial Design Rigid body simulation

fi

<latexit sha1_base64="CHy6eH/qLNm/juhDHNUJ8RsnTnY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMwvmQD6s1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddK7qXqPeeGjUmrdFHWU4g3O4BA+uoQn30II2MEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AWYIke0=</latexit>

Force sample: 

f1

<latexit sha1_base64="j8pISRyt2M8LTeCqqP6nMks3Fi0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CNMwGqZcNqjW37s6AlolXkBoUaA6qX/2hJElEhSEca93z3Nj4KVaGEU6zSj/RNMZkgke0Z6nAEdV+OkudoROrDFEolX3CoJn6eyPFkdbTKLCTeUq96OXif14vMeGVnzIRJ4YKMj8UJhwZifIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv88jJpn9W98/rF3XmtcV3UUYYjOIZT8OASGnALTWgBAQXP8ApvzpPz4rw7H/PRklPsHMIfOJ8/3ZySwg==</latexit>

f2

<latexit sha1_base64="q3Elf2GM6JKFoDRDNR7kJlEpGWY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiSlosuiG5cV7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8n83iOVioXiXs8j6gZ4IpjPCNZGehgGWE89P/HTUdJIR9WaXbdzoFXiFKQGBdqj6tdwHJI4oEITjpUaOHak3QRLzQinaWUYKxphMsMTOjBU4IAqN8lTp+jMKGPkh9I8oVGu/t5IcKDUPPDMZJZSLXuZ+J83iLV/5SZMRLGmgiwO+TFHOkRZBWjMJCWazw3BRDKTFZEplphoU1TFlOAsf3mVdBt1p1m/uGvWWtdFHWU4gVM4BwcuoQW30IYOEJDwDK/wZj1ZL9a79bEYLVnFzjH8gfX5A98hksM=</latexit>

f3

<latexit sha1_base64="nWtSsjhKQYpuGMQgBFBxxw3f/70=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRa0WXRjcsK9gFtLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnaRbaemDgcM693DPHizhT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqDCWhLZJyEPZ87CinAna1kxz2oskxYHHadeb3mR+95FKxUJxr2cRdQM8FsxnBGsjPQwCrCeen/jpMDlPh9WaXbdzoGXiFKQGBVrD6tdgFJI4oEITjpXqO3ak3QRLzQinaWUQKxphMsVj2jdU4IAqN8lTp+jEKCPkh9I8oVGu/t5IcKDULPDMZJZSLXqZ+J/Xj7V/5SZMRLGmgswP+TFHOkRZBWjEJCWazwzBRDKTFZEJlphoU1TFlOAsfnmZdM7qTqN+cdeoNa+LOspwBMdwCg5cQhNuoQVtICDhGV7hzXqyXqx362M+WrKKnUP4A+vzB+CmksQ=</latexit>

f4

<latexit sha1_base64="MF1b6VikLHbQ5deyniaq3J2eT0E=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmp6LLoxmUF+4B2LJk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOkoUoS0S8Uh1A6wpZ5K2DDOcdmNFsQg47QSTm9zvPFKlWSTvzTSmvsAjyUJGsLHSQ19gMw7CNMwGaT0bVKpuzZ0BLROvIFUo0BxUvvrDiCSCSkM41rrnubHxU6wMI5xm5X6iaYzJBI9oz1KJBdV+OkudoVOrDFEYKfukQTP190aKhdZTEdjJPKVe9HLxP6+XmPDKT5mME0MlmR8KE45MhPIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eu3irl5tXBd1lOAYTuAMPLiEBtxCE1pAQMEzvMKb8+S8OO/Ox3x0xSl2juAPnM8f4iuSxQ==</latexit>

f5

<latexit sha1_base64="OP3OGrdP8Wkg31Ftm5qhb7JjHl4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTSosuiG5cV7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8n83iOVioXiXs8j6gZ4IpjPCNZGehgGWE89P/HTUdJMR9WaXbdzoFXiFKQGBdqj6tdwHJI4oEITjpUaOHak3QRLzQinaWUYKxphMsMTOjBU4IAqN8lTp+jMKGPkh9I8oVGu/t5IcKDUPPDMZJZSLXuZ+J83iLV/5SZMRLGmgiwO+TFHOkRZBWjMJCWazw3BRDKTFZEplphoU1TFlOAsf3mVdC/qTqPevGvUWtdFHWU4gVM4BwcuoQW30IYOEJDwDK/wZj1ZL9a79bEYLVnFzjH8gfX5A+OwksY=</latexit>
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<latexit sha1_base64="nWtSsjhKQYpuGMQgBFBxxw3f/70=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRa0WXRjcsK9gFtLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnaRbaemDgcM693DPHizhT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqDCWhLZJyEPZ87CinAna1kxz2oskxYHHadeb3mR+95FKxUJxr2cRdQM8FsxnBGsjPQwCrCeen/jpMDlPh9WaXbdzoGXiFKQGBVrD6tdgFJI4oEITjpXqO3ak3QRLzQinaWUQKxphMsVj2jdU4IAqN8lTp+jEKCPkh9I8oVGu/t5IcKDULPDMZJZSLXqZ+J/Xj7V/5SZMRLGmgswP+TFHOkRZBWjEJCWazwzBRDKTFZEJlphoU1TFlOAsfnmZdM7qTqN+cdeoNa+LOspwBMdwCg5cQhNuoQVtICDhGV7hzXqyXqx362M+WrKKnUP4A+vzB+CmksQ=</latexit>

f5

<latexit sha1_base64="OP3OGrdP8Wkg31Ftm5qhb7JjHl4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTSosuiG5cV7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8n83iOVioXiXs8j6gZ4IpjPCNZGehgGWE89P/HTUdJMR9WaXbdzoFXiFKQGBdqj6tdwHJI4oEITjpUaOHak3QRLzQinaWUYKxphMsMTOjBU4IAqN8lTp+jMKGPkh9I8oVGu/t5IcKDUPPDMZJZSLXuZ+J83iLV/5SZMRLGmgiwO+TFHOkRZBWjMJCWazw3BRDKTFZEplphoU1TFlOAsf3mVdC/qTqPevGvUWtdFHWU4gVM4BwcuoQW30IYOEJDwDK/wZj1ZL9a79bEYLVnFzjH8gfX5A+OwksY=</latexit>

f4

<latexit sha1_base64="MF1b6VikLHbQ5deyniaq3J2eT0E=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmp6LLoxmUF+4B2LJk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOkoUoS0S8Uh1A6wpZ5K2DDOcdmNFsQg47QSTm9zvPFKlWSTvzTSmvsAjyUJGsLHSQ19gMw7CNMwGaT0bVKpuzZ0BLROvIFUo0BxUvvrDiCSCSkM41rrnubHxU6wMI5xm5X6iaYzJBI9oz1KJBdV+OkudoVOrDFEYKfukQTP190aKhdZTEdjJPKVe9HLxP6+XmPDKT5mME0MlmR8KE45MhPIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eu3irl5tXBd1lOAYTuAMPLiEBtxCE1pAQMEzvMKb8+S8OO/Ox3x0xSl2juAPnM8f4iuSxQ==</latexit>

f2

<latexit sha1_base64="q3Elf2GM6JKFoDRDNR7kJlEpGWY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiSlosuiG5cV7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO0iy09cDA4Zx7uWeOF3GmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8n83iOVioXiXs8j6gZ4IpjPCNZGehgGWE89P/HTUdJIR9WaXbdzoFXiFKQGBdqj6tdwHJI4oEITjpUaOHak3QRLzQinaWUYKxphMsMTOjBU4IAqN8lTp+jMKGPkh9I8oVGu/t5IcKDUPPDMZJZSLXuZ+J83iLV/5SZMRLGmgiwO+TFHOkRZBWjMJCWazw3BRDKTFZEplphoU1TFlOAsf3mVdBt1p1m/uGvWWtdFHWU4gVM4BwcuoQW30IYOEJDwDK/wZj1ZL9a79bEYLVnFzjH8gfX5A98hksM=</latexit>

f1

<latexit sha1_base64="j8pISRyt2M8LTeCqqP6nMks3Fi0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CNMwGqZcNqjW37s6AlolXkBoUaA6qX/2hJElEhSEca93z3Nj4KVaGEU6zSj/RNMZkgke0Z6nAEdV+OkudoROrDFEolX3CoJn6eyPFkdbTKLCTeUq96OXif14vMeGVnzIRJ4YKMj8UJhwZifIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv88jJpn9W98/rF3XmtcV3UUYYjOIZT8OASGnALTWgBAQXP8ApvzpPz4rw7H/PRklPsHMIfOJ8/3ZySwg==</latexit>
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fi

<latexit sha1_base64="CHy6eH/qLNm/juhDHNUJ8RsnTnY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMwvmQD6s1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddK7qXqPeeGjUmrdFHWU4g3O4BA+uoQn30II2MEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AWYIke0=</latexit>

Force sample: 

F =
⇥
f1 . . . fns

⇤

<latexit sha1_base64="OQSm/T5q9/IOKtjTfC4alSJ7kL0="></latexit>

Force matrix: 
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=

<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

↵i 2 Rr

<latexit sha1_base64="mHTV/DL+VRHKj9gEtydO2Jrat/M=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQkqgrGChbEg+pCaEDmO01p1nMh2kKoof8DCr7AwgBArKxt/g9NmgJYrWT46517dc4+fMCqVZX0blaXlldW16nptY3Nre8fc3evKOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Izx9fFXrvgQhJY36nJglxIzTkNKQYKU155rHjxyyQk0h/mYNYMkK5R6FDOXQipEa+n93m98Iz61bDmhZcBHYJ6qCstmd+OUGM04hwhRmScmBbiXIzJBTFjOQ1J5UkQXiMhmSgIUcRkW42vSeHR5oJYBgL/biCU/b3RIYiWVjWnYVHOa8V5H/aIFXhhZtRnqSKcDxbFKYMqhgW4cCACoIVm2iAsKDaK8QjJBBWOsKaDsGeP3kRdE8bdrNxdtOsty7LOKrgAByCE2CDc9AC16ANOgCDR/AMXsGb8WS8GO/Gx6y1YpQz++BPGZ8/8RWdOw==</latexit>

Initial Design Rigid body simulation

fi

<latexit sha1_base64="CHy6eH/qLNm/juhDHNUJ8RsnTnY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMwvmQD6s1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddK7qXqPeeGjUmrdFHWU4g3O4BA+uoQn30II2MEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AWYIke0=</latexit>

Force sample: 

⇥
<latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit>F̄T

<latexit sha1_base64="oMkqhCY0eG8WXBVlhBAUFmR77/g=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiRS0WVREJcV+oImlsl00g6dTMLMRCwhv+LGhSJu/RF3/o2TNgttPTBwOOde7pnjx4xKZdvfRmltfWNzq7xd2dnd2z8wD6tdGSUCkw6OWCT6PpKEUU46iipG+rEgKPQZ6fnTm9zvPRIhacTbahYTL0RjTgOKkdLS0Ky6PhKpGyI18YP0Nsse2kOzZtftOaxV4hSkBgVaQ/PLHUU4CQlXmCEpB44dKy9FQlHMSFZxE0lihKdoTAaachQS6aXz7Jl1qpWRFURCP66sufp7I0WhlLPQ15N5SLns5eJ/3iBRwZWXUh4ninC8OBQkzFKRlRdhjaggWLGZJggLqrNaeIIEwkrXVdElOMtfXiXd87rTqF/cN2rN66KOMhzDCZyBA5fQhDtoQQcwPMEzvMKbkRkvxrvxsRgtGcXOEfyB8fkDZYiUrg==</latexit>

⇥
<latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit>

F̄ 2 R3n⇥r

<latexit sha1_base64="sNAOHd9AljPeoz2r0lqIP7pbT9s=">AAACFnicbVBNS8NAEN34WetX1KOXxSJ4sSRa0GNREI9V7Ac0sWy2m3bpZhN2N0JZ8iu8+Fe8eFDEq3jz37hpc9DWBwNv3swwMy9IGJXKcb6thcWl5ZXV0lp5fWNza9ve2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxhd5vX2AxGSxvxOjRPiR2jAaUgxUkbq2cdegIT2IqSGQaivsgx6lMNpHujb7F6fmlTRiEgosp5dcarOBHCeuAWpgAKNnv3l9WOcRoQrzJCUXddJlK+RUBQzkpW9VJIE4REakK6hHJk9vp68lcFDo/RhGAsTXMGJ+ntCo0jKcRSYzvxeOVvLxf9q3VSF576mPEkV4Xi6KEwZVDHMPYJ9KghWbGwIwoKaWyEeIoGwMk6WjQnu7MvzpHVSdWvV2k2tUr8o7CiBfXAAjoALzkAdXIMGaAIMHsEzeAVv1pP1Yr1bH9PWBauY2QN/YH3+ALhun7c=</latexit>

fi 2 R3n

<latexit sha1_base64="VAam7xMMSWOZKU4EEvU1/46ZWgY=">AAACCXicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWsR/QxLLZbtqlm03Y3Qgl5OrFv+LFgyJe/Qfe/Ddu2xy09cHA470ZZub5MWdK2/a3VVhaXlldK66XNja3tnfKu3stFSWS0CaJeCQ7PlaUM0GbmmlOO7GkOPQ5bfujq4nffqBSsUjc6XFMvRAPBAsYwdpIvTJyQ6yHfpAGWY8hl4lc8NPb7D49FVmvXLGr9hRokTg5qUCORq/85fYjkoRUaMKxUl3HjrWXYqkZ4TQruYmiMSYjPKBdQwUOqfLS6ScZOjJKHwWRNCU0mqq/J1IcKjUOfdM5OVPNexPxP6+b6ODcS5mIE00FmS0KEo50hCaxoD6TlGg+NgQTycytiAyxxESb8EomBGf+5UXSOqk6terFTa1Sv8zjKMIBHMIxOHAGdbiGBjSBwCM8wyu8WU/Wi/VufcxaC1Y+sw9/YH3+AMgGmmk=</latexit>
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fi

<latexit sha1_base64="CHy6eH/qLNm/juhDHNUJ8RsnTnY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMwvmQD6s1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddK7qXqPeeGjUmrdFHWU4g3O4BA+uoQn30II2MEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AWYIke0=</latexit>

Force sample: 

F =
⇥
f1 . . . fns

⇤

<latexit sha1_base64="OQSm/T5q9/IOKtjTfC4alSJ7kL0="></latexit>

Force matrix: 

fi ⇡ F̄↵i

<latexit sha1_base64="x+3d+8dRH6vb+fEIUKbFsu1bTJI=">AAACJHicbVDLSsNAFJ34rPUVdelmsAiuSiIFBTdFQVxWsFVoQrmZTuzgJDPMTMQS8jFu/BU3Lnzgwo3f4qRG8HVhmMM593LPPZHkTBvPe3Ompmdm5+ZrC/XFpeWVVXdtvadFpgjtEsGFuohAU85S2jXMcHohFYUk4vQ8ujoq9fNrqjQT6ZkZSxomcJmymBEwlhq4B0ECZhTFeVwMGA5ASiVucBCByr+U46KwhOBDPU7slwfA5Qhs+8BteE1vUvgv8CvQQFV1Bu5zMBQkS2hqCAet+74nTZiDMoxwWtSDTFMJ5Aouad/CFBKqw3xyZIG3LTPEsVD2pQZP2O8TOSS6dGg7S+P6t1aS/2n9zMT7Yc5SmRmaks9FccaxEbhMDA+ZosTwsQVAFLNeMRmBAmJsrnUbgv/75L+gt9v0W83WaavRPqziqKFNtIV2kI/2UBudoA7qIoJu0T16RE/OnfPgvDivn61TTjWzgX6U8/4Be/mmlA==</latexit>

PCA: 

FEM solver: 

K 2 R3n⇥3n

<latexit sha1_base64="rysiKTMtaFz8DrWDCz271YBBAG0=">AAACEXicbVA9SwNBEJ2LXzF+RS1tFoOQKtyZgJZBG8EmivmAXAx7m71kyd7esbsnhOP+go1/xcZCEVs7O/+Nm+QKTXww8ObNDDPzvIgzpW3728qtrK6tb+Q3C1vbO7t7xf2DlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98eW03n6gUrFQ3OlJRHsBHgrmM4K1kfrFshtgPfL85DpFLhNonnrJbXqfVE2qWUAVqoq0XyzZFXsGtEycjJQgQ6Nf/HIHIYkDKjThWKmuY0e6l2CpGeE0LbixohEmYzykXUMFNot6yeyjFJ0YZYD8UJoQGs3U3xMJDpSaBJ7pnB6sFmtT8b9aN9b+eS9hIoo1FWS+yI850iGa2oMGTFKi+cQQTCQztyIywhITbUwsGBOcxZeXSeu04tQqtZtaqX6R2ZGHIziGMjhwBnW4ggY0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gAbnp0w</latexit>

F̄ 2 R3n⇥r

<latexit sha1_base64="sNAOHd9AljPeoz2r0lqIP7pbT9s=">AAACFnicbVBNS8NAEN34WetX1KOXxSJ4sSRa0GNREI9V7Ac0sWy2m3bpZhN2N0JZ8iu8+Fe8eFDEq3jz37hpc9DWBwNv3swwMy9IGJXKcb6thcWl5ZXV0lp5fWNza9ve2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxhd5vX2AxGSxvxOjRPiR2jAaUgxUkbq2cdegIT2IqSGQaivsgx6lMNpHujb7F6fmlTRiEgosp5dcarOBHCeuAWpgAKNnv3l9WOcRoQrzJCUXddJlK+RUBQzkpW9VJIE4REakK6hHJk9vp68lcFDo/RhGAsTXMGJ+ntCo0jKcRSYzvxeOVvLxf9q3VSF576mPEkV4Xi6KEwZVDHMPYJ9KghWbGwIwoKaWyEeIoGwMk6WjQnu7MvzpHVSdWvV2k2tUr8o7CiBfXAAjoALzkAdXIMGaAIMHsEzeAVv1pP1Yr1bH9PWBauY2QN/YH3+ALhun7c=</latexit>

↵i 2 Rr

<latexit sha1_base64="5Dw/DMQv4pTw3g7OrZOkxU6kRbM=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCWoEowVLIwF0YfUpJXjuK1Vx45sB6mK8gss/AoLAwixsrHxNzhtBmi5kuWjc+7VPfcEMaNKO863VVpb39jcKm9Xdnb39g/sw6OOEonEpI0FE7IXIEUY5aStqWakF0uCooCRbjC9zvXuA5GKCn6vZzHxIzTmdEQx0oYa2jUvECxUs8h8qYdYPEHZgEKPcuhFSE+CIL3LBqnMhnbVqTvzgqvALUAVFNUa2l9eKHASEa4xQ0r1XSfWfoqkppiRrOIlisQIT9GY9A3kKCLKT+cXZfDMMCEcCWke13DO/p5IUaRy06Yzd6mWtZz8T+snenTpp5THiSYcLxaNEga1gHk8MKSSYM1mBiAsqfEK8QRJhLUJsWJCcJdPXgWd87rbqDduG9XmVRFHGZyAU1ADLrgATXADWqANMHgEz+AVvFlP1ov1bn0sWktWMXMM/pT1+QPQYZ5F</latexit>
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Maximum Von
Mises Stress:

Probability of
survival:

Optimization 
Criteria:
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• Gradient based optimization: Method of  Moving 
Asymptotes (MMA) is used. 

Force Basis
Derivative:

W1

<latexit sha1_base64="a8H84O8b4If0DiCiopypzjCHy1Q=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIw686H3rBac+vuAmSdeAWpQYHWsPrlj2KWRlwhk9SYvucmOMioRsEkn1f81PCEsikd876likbcDLJF5jm5sMqIhLG2TyFZqL83MhoZM4sCO5lnNKteLv7n9VMMbwaZUEmKXLHloTCVBGOSF0BGQnOGcmYJZVrYrIRNqKYMbU0VW4K3+uV10rmqe41646FRa94WdZThDM7hEjy4hibcQwvawCCBZ3iFNyd1Xpx352M5WnKKnVP4A+fzB/owkaY=</latexit>

W2

<latexit sha1_base64="eHKjfcI5uDjCDRQZ67oeeYgYtSU=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KUgh6LXjxWsK3QlLLZbtqlm03YfRFK6N/w4kERr/4Zb/4bN20O2jqwMMy8x5udIJHCoOt+O6WNza3tnfJuZW//4PCoenzSNXGqGe+wWMb6MaCGS6F4BwVK/phoTqNA8l4wvc393hPXRsTqAWcJH0R0rEQoGEUr+X5EcRKEWW8+bAyrNbfuLkDWiVeQGhRoD6tf/ihmacQVMkmN6XtugoOMahRM8nnFTw1PKJvSMe9bqmjEzSBbZJ6TC6uMSBhr+xSShfp7I6ORMbMosJN5RrPq5eJ/Xj/F8HqQCZWkyBVbHgpTSTAmeQFkJDRnKGeWUKaFzUrYhGrK0NZUsSV4q19eJ91G3WvWm/fNWuumqKMMZ3AOl+DBFbTgDtrQAQYJPMMrvDmp8+K8Ox/L0ZJT7JzCHzifP/u0kac=</latexit>

W3

<latexit sha1_base64="eJIIDOkXCsTK8lGo+GQgQLILc5k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJbwQUTHSoSCUbSS70cUJ0GYdefDy2G15tbdBchf4hWkBgVaw+qnP4pZGnGFTFJj+p6b4CCjGgWTfF7xU8MTyqZ0zPuWKhpxM8gWmefkzCojEsbaPoVkof7cyGhkzCwK7GSe0ax6ufif108xvB5kQiUpcsWWh8JUEoxJXgAZCc0ZypkllGlhsxI2oZoytDVVbAne6pf/ks5F3WvUG/eNWvOmqKMMJ3AK5+DBFTThDlrQBgYJPMELvDqp8+y8Oe/L0ZJT7BzDLzgf3/04kag=</latexit>

We

<latexit sha1_base64="8leceCMvPAWWFJDFh6sOnK7QlVA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMuvMhDqs1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddK7qXqPeeGjUmrdFHWU4g3O4BA+uoQn30II2MEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AUkPkdo=</latexit>

. . .

<latexit sha1_base64="/HQJgqCumU7vwPcIJ4GzNSj7s1I=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7o9ChWZQqbo1dw6ySryCVKFAc1D56oeKZTFPkElqTM9zU/RzqlEwyaflfmZ4StmYDnnP0oTG3Pj5/NopObdKSCKlbSVI5urviZzGxkziwHbGFEdm2ZuJ/3m9DKNrPxdJmiFP2GJRlEmCisxeJ6HQnKGcWEKZFvZWwkZUU4Y2oLINwVt+eZW0L2tevVa/r1cbN0UcJTiFM7gAD66gAXfQhBYweIRneIU3RzkvzrvzsWhdc4qZE/gD5/MHuEWPOw==</latexit>

. . .

<latexit sha1_base64="/HQJgqCumU7vwPcIJ4GzNSj7s1I=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7o9ChWZQqbo1dw6ySryCVKFAc1D56oeKZTFPkElqTM9zU/RzqlEwyaflfmZ4StmYDnnP0oTG3Pj5/NopObdKSCKlbSVI5urviZzGxkziwHbGFEdm2ZuJ/3m9DKNrPxdJmiFP2GJRlEmCisxeJ6HQnKGcWEKZFvZWwkZUU4Y2oLINwVt+eZW0L2tevVa/r1cbN0UcJTiFM7gAD66gAXfQhBYweIRneIU3RzkvzrvzsWhdc4qZE/gD5/MHuEWPOw==</latexit>

We 2 Rr⇥r

<latexit sha1_base64="pRLoI14EHm80vBvEyDxuNCSvwWA=">AAACEXicbVBNS8NAEJ34WetX1aOXxSL0VBIp6LHoxWMV+wFNDJvtpl262YTdjVBC/oIX/4oXD4p49ebNf+Om7UFbHww83pthZl6QcKa0bX9bK6tr6xubpa3y9s7u3n7l4LCj4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WB8VfjdByoVi8WdniTUi/BQsJARrI3kV2puhPUoCLNu7lPkMoFmQpDd5veZRK5mEVVI5n6latftKdAyceakCnO0/MqXO4hJGlGhCcdK9R070V6GpWaE07zspoommIzxkPYNFdjs8bLpRzk6NcoAhbE0JTSaqr8nMhwpNYkC01mcqxa9QvzP66c6vPAyJpJUU0Fmi8KUIx2jIh40YJISzSeGYCKZuRWREZaYaBNi2YTgLL68TDpndadRb9w0qs3LeRwlOIYTqIED59CEa2hBGwg8wjO8wpv1ZL1Y79bHrHXFms8cwR9Ynz/NH52i</latexit>

F̄ 2 R3n⇥r

<latexit sha1_base64="sNAOHd9AljPeoz2r0lqIP7pbT9s=">AAACFnicbVBNS8NAEN34WetX1KOXxSJ4sSRa0GNREI9V7Ac0sWy2m3bpZhN2N0JZ8iu8+Fe8eFDEq3jz37hpc9DWBwNv3swwMy9IGJXKcb6thcWl5ZXV0lp5fWNza9ve2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxhd5vX2AxGSxvxOjRPiR2jAaUgxUkbq2cdegIT2IqSGQaivsgx6lMNpHujb7F6fmlTRiEgosp5dcarOBHCeuAWpgAKNnv3l9WOcRoQrzJCUXddJlK+RUBQzkpW9VJIE4REakK6hHJk9vp68lcFDo/RhGAsTXMGJ+ntCo0jKcRSYzvxeOVvLxf9q3VSF576mPEkV4Xi6KEwZVDHMPYJ9KghWbGwIwoKaWyEeIoGwMk6WjQnu7MvzpHVSdWvV2k2tUr8o7CiBfXAAjoALzkAdXIMGaAIMHsEzeAVv1pP1Yr1bH9PWBauY2QN/YH3+ALhun7c=</latexit>
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Z = K�1Y 2 R3n⇥r

<latexit sha1_base64="NOPamVgvCUyFZjJydQOdEyIvCFA=">AAACLXicbVDLSsNAFJ34rPUVdelmsAhuLIkWdCMUdSG4qWIf2sYymU7aoZNJmJkIJeSH3PgrIrioiFt/w0kbRVsvDJzHXO69xw0ZlcqyhsbM7Nz8wmJuKb+8srq2bm5s1mQQCUyqOGCBaLhIEkY5qSqqGGmEgiDfZaTu9s9Sv/5AhKQBv1GDkDg+6nLqUYyUltrmectHqud68V0CT+A3uUzu4307+eG3GlKeUTe+1vahpor6RE KRtM2CVbRGBaeBnYECyKrSNl9anQBHPuEKMyRl07ZC5cRIKIoZSfKtSJIQ4T7qkqaGHOk5Tjy6NoG7WulALxD6cQVH6u+OGPlSDnxX/0z3lZNeKv7nNSPlHTsx5WGkCMfjQV7EoApgGh3sUEGwYgMNEBZU7wpxDwmElQ44r0OwJ0+eBrWDol0qlq5KhfJpFkcObIMdsAdscATK4AJUQBVg8AiewRC8GU/Gq/FufIy/zhhZzxb4U8bnFxVSqKk=</latexit>

• Naïve evaluation is quadratic

F̄We

<latexit sha1_base64="0Kui3V2G9dM5Fi2JIemGBmN2X/c=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIrkoiBV0WBXFZwV6gCWEynbRDJxdmJkIJWbnxVdy4UMStz+DOt3HSRtDWHwY+/nMOc87vJ5xJZVlfxtLyyuraemWjurm1vbNr7u13ZJwKQtsk5rHo+VhSziLaVkxx2ksExaHPadcfXxX17j0VksXRnZok1A3xMGIBI1hpyzOPHB+LzAmxGvlBdp3n6Ie7uUc9s2bVranQItgl1KBUyzM/nUFM0pBGinAsZd+2EuVmWChGOM2rTippgskYD2lfY4RDKt1sekaOTrQzQEEs9IsUmrq/JzIcSjkJfd1Z7Cjna4X5X62fquDCzViUpIpGZPZRkHKkYlRkggZMUKL4RAMmguldERlhgYnSyVV1CPb8yYvQOavbjXrjtlFrXpZxVOAQjuEUbDiHJtxAC9pA4AGe4AVejUfj2Xgz3metS0Y5cwB/ZHx8A+qjmWo=</latexit>

Matrix production: O(3n2
r
2) ⇡ O(n2

r
2)

<latexit sha1_base64="P3dSOYXstVXf88QGmCV+oy/PB4I=">AAACBXicbVC7TgJBFJ31ifhatdRiIjHBhuwiRkuijR2YyCOBhcwOszBhdnYyM2skGxobf8XGQmNs/Qc7/8YBtlDwJDc5Oefe3HuPLxhV2nG+raXlldW19cxGdnNre2fX3tuvqyiWmNRwxCLZ9JEijHJS01Qz0hSSoNBnpOEPryd+455IRSN+p0eCeCHqcxpQjLSRuvZRJX/GO0XZKZ7CNhJCRg+wkk+Vrp1zCs4UcJG4KcmBFNWu/dXuRTgOCdeYIaVariO0lyCpKWZknG3HigiEh6hPWoZyFBLlJdMvxvDEKD0YRNIU13Cq/p5IUKjUKPRNZ4j0QM17E/E/rxXr4NJLKBexJhzPFgUxgzqCk0hgj0qCNRsZgrCk5laIB0girE1wWROCO//yIqkXC26pcH5bypWv0jgy4BAcgzxwwQUogxtQBTWAwSN4Bq/gzXqyXqx362PWumSlMwfgD6zPHyg/lnQ=</latexit>

Matrix contraction: Z : F̄We

<latexit sha1_base64="TLcIKtLhSvn9z3/9s2uoj39OnTE=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVJpKC4KgrisoK9YBPCZDpph04mYWYilJB3cOOruHGhiFs37nwbJ20K2vrDwMd/zmHO+f2YUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/ugqr3ceiJA04ndqHBM3RANOA4qR0pZnnjghUkM/SO8zeAEdH4l05lxnGZxxJ/OIZ1atmjURXAS7gCoo1PTML6cf4SQkXGGGpOzZVqzcFAlFMSNZxUkkiREeoQHpaeQoJNJNJzdl8Eg7fRhEQj+u4MT9PZGiUMpx6OvOfEc5X8vN/2q9RAXnbkp5nCjC8fSjIGFQRTAPCPapIFixsQaEBdW7QjxEAmGlY6zoEOz5kxehfVqz67X6bb3auCziKIMDcAiOgQ3OQAPcgCZoAQwewTN4BW/Gk/FivBsf09aSUczsgz8yPn8AbZ2ehg==</latexit>

O(3n2
r) ⇡ O(n2

r)

<latexit sha1_base64="+xAOB9Qm/fPWtl/3jPZWBorc+rk=">AAACAXicbVDLTgIxFO3gC/E16sbETSMxwQ2ZQYwuiW7cgYk8EhhJp3SgodNp2o6RENz4K25caIxb/8Kdf2MZZqHgSW5yes696b3HF4wq7TjfVmZpeWV1Lbue29jc2t6xd/caKoolJnUcsUi2fKQIo5zUNdWMtIQkKPQZafrDq6nfvCdS0Yjf6pEgXoj6nAYUI22krn1QLZzyu5I8gR0khIweYLWQvLt23ik6CeAicVOSBylqXfur04twHBKuMUNKtV1HaG+MpKaYkUmuEysiEB6iPmkbylFIlDdOLpjAY6P0YBBJU1zDRP09MUahUqPQN50h0gM1703F/7x2rIMLb0y5iDXhePZREDOoIziNA/aoJFizkSEIS2p2hXiAJMLahJYzIbjzJy+SRqnolotnN+V85TKNIwsOwREoABecgwq4BjVQBxg8gmfwCt6sJ+vFerc+Zq0ZK53ZB39gff4Av9KVLA==</latexit>
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Z, F̄

<latexit sha1_base64="QSlSH9W7FnUK+Q4aJEyfwLe04aA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4kJJIQZdFQVxWsA9sQplMJ+3QyYOZiVBCdm78FTcuFHHrL7jzb5y0EbT1wIXDOfdy7z1ezJlUlvVlLCwuLa+sltbK6xubW9vmzm5LRokgtEkiHomOhyXlLKRNxRSnnVhQHHictr3RZe6376mQLApv1TimboAHIfMZwUpLPfPACbAaen56l50gBzkeFumPdJVlPbNiVa0J0DyxC1KBAo2e+en0I5IENFSEYym7thUrN8VCMcJpVnYSSWNMRnhAu5qGOKDSTSd/ZOhIK33kR0JXqNBE/T2R4kDKceDpzvxEOevl4n9eN1H+uZuyME4UDcl0kZ9wpCKUh4L6TFCi+FgTTATTtyIyxAITpaMr6xDs2ZfnSeu0ateqtZtapX5RxFGCfTiEY7DhDOpwDQ1oAoEHeIIXeDUejWfjzXifti4Yxcwe/IHx8Q3qc5lb</latexit>

Static per element: 

Varying per element: We

<latexit sha1_base64="8leceCMvPAWWFJDFh6sOnK7QlVA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMuvMhDqs1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddK7qXqPeeGjUmrdFHWU4g3O4BA+uoQn30II2MEjgGV7hzUmdF+fd+ViOlpxi5xT+wPn8AUkPkdo=</latexit>

Z : F̄We = (F̄TZ) : We

<latexit sha1_base64="miBu/subWSuMbEo7AmA+HDwB/WM=">AAACQXicbVBLS8NAGNz4rPUV9ehlsQj1UhIpKAWhKIjHCn1hE8tmu2mXbh7sboQS8te8+A+8effiQRGvXty0KdbWgYVhZj6+b8cJGRXSMF60peWV1bX13EZ+c2t7Z1ff22+KIOKYNHDAAt52kCCM+qQhqWSkHXKCPIeRljO8Sv3WA+GCBn5djkJie6jvU5diJJXU1duWh+TAceO7BFag5SAeT5XrJJnSVtIl8AIW5/37OvydP6nMxrt6wSgZY8BFYmakADLUuvqz1Qtw5BFfYoaE6JhGKO0YcUkxI0neigQJER6iPuko6iOPCDseN5DAY6X0oBtw9XwJx+rsRIw8IUaeo5LpjWLeS8X/vE4k3XM7pn4YSeLjySI3YlAGMK0T9ignWLKRIghzqm6FeIA4wlKVnlclmPNfXiTN05JZLpVvy4XqZVZHDhyCI1AEJjgDVXADaqABMHgEr+AdfGhP2pv2qX1NoktaNnMA/kD7/gHPdbGi</latexit>

Precompute: (F̄TZ) 2 Rr⇥r

<latexit sha1_base64="KMCmhGusP93ncPYZ5jc+bO6ODhQ=">AAACJHicbVBLS8NAEN7UV62vqEcvi0Wol5JIQcFLURCPVfrCpi2b7aZdutmE3Y1QQn6MF/+KFw8+8ODF3+KmjaCtHwx8880MM/O5IaNSWdankVtaXlldy68XNja3tnfM3b2mDCKBSQMHLBBtF0nCKCcNRRUj7VAQ5LuMtNzxZVpv3RMhacDrahKSro+GnHoUI6WlvnleclwkYsdHauR68VWS9OrwJ7tLjqFDeZa78W3SiwV0FPWJhCLpm0WrbE0BF4mdkSLIUOubb84gwJFPuMIMSdmxrVB1YyQUxYwkBSeSJER4jIakoylHek83nj6ZwCOtDKAXCB1cwan6eyJGvpQT39Wd6blyvpaK/9U6kfLOujHlYaQIx7NFXsSgCmDqGBxQQbBiE00QFlTfCvEICYSV9rWgTbDnX14kzZOyXSlXbirF6kVmRx4cgENQAjY4BVVwDWqgATB4AE/gBbwaj8az8W58zFpzRjazD/7A+PoGfIqlVw==</latexit>

O(3nr2) ⇡ O(nr2)

<latexit sha1_base64="pXwBPfR8xhy9aPbZaAkrPB1+zzc=">AAACBHicbVC7TgJBFJ31ifhataSZSEygIbuI0ZJoYwcm8khgJbPDLEyYnZ3MzBrJhsLGX7Gx0BhbP8LOv3GALRQ8yU1Ozrk3997jC0aVdpxva2V1bX1jM7OV3d7Z3du3Dw6bKoolJg0csUi2faQIo5w0NNWMtIUkKPQZafmjq6nfuidS0Yjf6rEgXogGnAYUI22knp2rFU45lHdlWIRdJISMHmCtMFOKPTvvlJwZ4DJxU5IHKeo9+6vbj3AcEq4xQ0p1XEdoL0FSU8zIJNuNFREIj9CAdAzlKCTKS2ZPTOCJUfowiKQpruFM/T2RoFCpceibzhDpoVr0puJ/XifWwYWXUC5iTTieLwpiBnUEp4nAPpUEazY2BGFJza0QD5FEWJvcsiYEd/HlZdIsl9xK6eymkq9epnFkQA4cgwJwwTmogmtQBw2AwSN4Bq/gzXqyXqx362PeumKlM0fgD6zPH9Cylao=</latexit>

Z : F̄We = (F̄TZ) : We

<latexit sha1_base64="miBu/subWSuMbEo7AmA+HDwB/WM=">AAACQXicbVBLS8NAGNz4rPUV9ehlsQj1UhIpKAWhKIjHCn1hE8tmu2mXbh7sboQS8te8+A+8effiQRGvXty0KdbWgYVhZj6+b8cJGRXSMF60peWV1bX13EZ+c2t7Z1ff22+KIOKYNHDAAt52kCCM+qQhqWSkHXKCPIeRljO8Sv3WA+GCBn5djkJie6jvU5diJJXU1duWh+TAceO7BFag5SAeT5XrJJnSVtIl8AIW5/37OvydP6nMxrt6wSgZY8BFYmakADLUuvqz1Qtw5BFfYoaE6JhGKO0YcUkxI0neigQJER6iPuko6iOPCDseN5DAY6X0oBtw9XwJx+rsRIw8IUaeo5LpjWLeS8X/vE4k3XM7pn4YSeLjySI3YlAGMK0T9ignWLKRIghzqm6FeIA4wlKVnlclmPNfXiTN05JZLpVvy4XqZVZHDhyCI1AEJjgDVXADaqABMHgEr+AdfGhP2pv2qX1NoktaNnMA/kD7/gHPdbGi</latexit>

Contraction : O(nr)

<latexit sha1_base64="CN36yY7DVrSkamLAy1N4akR7/2Y=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnosevFmBbcttEvJptk2NJtdkqxQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0gE18ZxvlFhbX1jc6u4XdrZ3ds/KB8etXScKso8GotYdQKimeCSeYYbwTqJYiQKBGsH49uZ335iSvNYPppJwvyIDCUPOSXGSt59Varzfrni1Jw58Cpxc1KBHM1++as3iGkaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5LWRc2t1y4f6pXGTR5HEU7gFKrgwhU04A6a4AEFDs/wCm9Iohf0jj4WrQWUzxzDH6DPHw+8jjQ=</latexit>
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Our Linear Method

28⇥ 44⇥ 28

<latexit sha1_base64="LOceUEN27UDgl4l3JCboQIXNu74=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclKQG7LLpxWcFeoA1lMp20QyeTMHMilNiFr+LGhSJufQ13vo3TNoK2/jDw8Z9zOGf+IBFcg+N8WYW19Y3NreJ2aWd3b//APjxq6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g7G17N6+54pzWN5B5OE+REZSh5ySsBYffukWsM94BHT2PN+qFrr22Wn4syFV8HNoYxyNfr2Z28Q0zRiEqggWnddJwE/Iwo4FWxa6qWaJYSOyZB1DUpi9vjZ/P4pPjfOAIexMk8Cnru/JzISaT2JAtMZERjp5drM/K/WTSGs+RmXSQpM0sWiMBUYYjwLAw+4YhTExAChiptbMR0RRSiYyEomBHf5y6vQqlZcr+LdeuX6VR5HEZ2iM3SBXHSJ6ugGNVATUfSAntALerUerWfrzXpftBasfOYY/ZH18Q0pc5RG</latexit>

~ 6.0 hrs per 
iteration

[Langlois et al. 2016] Ours

~ 2.4 minutes per 
iteration

32⇥ 64⇥ 40

<latexit sha1_base64="Nyq/PRsqF6iNEhdWYBjafcOz2vc=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWwVVJalCXRTcuK9gLtKFMppN26GQSZiZCiV34Km5cKOLW13Dn2zhtI2jrDwMf/zmHc+YPEs6Udpwva2l5ZXVtvbBR3Nza3tm19/YbKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gyG15N6855KxWJxp0cJ9SPcFyxkBGtjde3DswrqaBZRhc69H/Kcrl1yys5UaBHcHEqQq9a1Pzu9mKQRFZpwrFTbdRLtZ1hqRjgdFzupogkmQ9ynbYMCmz1+Nr1/jE6M00NhLM0TGk3d3xMZjpQaRYHpjLAeqPnaxPyv1k51eOlnTCSppoLMFoUpRzpGkzBQj0lKNB8ZwEQycysiAywx0SayognBnf/yIjQqZdcre7deqXqVx1GAIziGU3DhAqpwAzWoA4EHeIIXeLUerWfrzXqftS5Z+cwB/JH18Q0bhJQ9</latexit>

~ 11.8 hrs per 
iteration

~ 5.4 minutes per 
iteration

150 ⇥
<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>

131 ⇥
<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>
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↵i 2 Rr

<latexit sha1_base64="5Dw/DMQv4pTw3g7OrZOkxU6kRbM=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCWoEowVLIwF0YfUpJXjuK1Vx45sB6mK8gss/AoLAwixsrHxNzhtBmi5kuWjc+7VPfcEMaNKO863VVpb39jcKm9Xdnb39g/sw6OOEonEpI0FE7IXIEUY5aStqWakF0uCooCRbjC9zvXuA5GKCn6vZzHxIzTmdEQx0oYa2jUvECxUs8h8qYdYPEHZgEKPcuhFSE+CIL3LBqnMhnbVqTvzgqvALUAVFNUa2l9eKHASEa4xQ0r1XSfWfoqkppiRrOIlisQIT9GY9A3kKCLKT+cXZfDMMCEcCWke13DO/p5IUaRy06Yzd6mWtZz8T+snenTpp5THiSYcLxaNEga1gHk8MKSSYM1mBiAsqfEK8QRJhLUJsWJCcJdPXgWd87rbqDduG9XmVRFHGZyAU1ADLrgATXADWqANMHgEz+AVvFlP1ov1bn0sWktWMXMM/pT1+QPQYZ5F</latexit>

are evaluated with finite difference by computing a

probability distribution function of  ↵i

<latexit sha1_base64="CJEiQN6d4+qSmrmo4Rgz2ldmaWw=">AAAB/nicbVDLSsNAFL3xWesrKq7cBIvgqiRS0GXRjcsK9gFNLJPJpB06mQkzE6GEgr/ixoUibv0Od/6NkzYLbT0wzOGce5kzJ0wZVdp1v62V1bX1jc3KVnV7Z3dv3z447CiRSUzaWDAheyFShFFO2ppqRnqpJCgJGemG45vC7z4Sqajg93qSkiBBQ05jipE20sA+9kPBIjVJzJX7iKUjNH2gA7vm1t0ZnGXilaQGJVoD+8uPBM4SwjVmSKm+56Y6yJHUFDMyrfqZIinCYzQkfUM5SogK8ln8qXNmlMiJhTSHa2em/t7IUaKKhGYyQXqkFr1C/M/rZzq+CnLK00wTjucPxRlztHCKLpyISoI1mxiCsKQmq4NHSCKsTWNVU4K3+OVl0rmoe416465Ra16XdVTgBE7hHDy4hCbcQgvagCGHZ3iFN+vJerHerY/56IpV7hzBH1ifPxb/ljg=</latexit>
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A 1D probability distribution function               is computed cj(↵)

<latexit sha1_base64="VOdvv8D8r8j7Iu44ZO7tRMc9WNg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BItQLyWRgh6LXjxWsLXQhrLZbtq1m92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwkRwg5737RTW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWQo6CdRLNSBwK9hCOb2b+wxPThit5j5OEBTEZSh5xStBKXdp/rPaISEbkvF+ueDVvDneV+DmpQI5mv/zVGyiaxkwiFcSYru8lGGREI6eCTUu91LCE0DEZsq6lksTMBNn85Kl7ZpWBGyltS6I7V39PZCQ2ZhKHtjMmODLL3kz8z+umGF0FGZdJikzSxaIoFS4qd/a/O+CaURQTSwjV3N7q0hHRhKJNqWRD8JdfXiXti5pfr9Xv6pXGdR5HEU7gFKrgwyU04Baa0AIKCp7hFd4cdF6cd+dj0Vpw8plj+APn8weWIZDO</latexit>

j, 1  j  r

<latexit sha1_base64="0ERx8ZGHdFVJKLcjlN1o1Q7f/0M=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQplMb9ppJ5M4MxFqKP6KGxeKuPU/3Pk3TtsstPXA5R7OuZe5c4KEM6Ud59taWl5ZXVsvbBQ3t7Z3du29/YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMhtcTv/kAUrFY3OlRAn5EeoKFjBJtpI59ODjDHnaxx+EeD2ZNduySU3amwIvEzUkJ5ah17C+vG9M0AqEpJ0q1XSfRfkakZpTDuOilChJCh6QHbUMFiUD52fT6MT4xSheHsTQlNJ6qvzcyEik1igIzGRHdV/PeRPzPa6c6vPQzJpJUg6Czh8KUYx3jSRS4yyRQzUeGECqZuRXTPpGEahNY0YTgzn95kTTOy26lXLmtlKpXeRwFdISO0Sly0QWqohtUQ3VE0SN6Rq/ozXqyXqx362M2umTlOwfoD6zPH66Hk3U=</latexit>

for each entry                            , using       samples. ns

<latexit sha1_base64="7fSy2DIFctsgPId6h0ppNZuEuPU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2pgBuWKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVa/e1SuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH2LCjd8=</latexit>

Unstable Gradients

[Langlois et al. 2016]



Unstable Gradients
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Iteration: 1 Iteration: 2 Iteration: 3

...

Iteration: 70 Iteration: 71



Stabilized Gradients

28

• We compute PDF with Gaussian Mixture Models

Ours
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Stabilized Gradients
Optimized results

[Langlois et al. 2016]
Iteration: 1 Iteration: 2 Iteration: 3

...

Iteration: 70 Iteration: 71

Ours
Iteration: 1 Iteration: 2 Iteration: 3 Iteration: 70 Iteration: 71

...



Outline

• Previous work
• Stochastic Structural Optimization 
• Our methods
• Faster gradients computations
• Robust gradients
• A constrained restart strategy 

• Results
• Conclusions and future work
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Local Minima 

31

The objective function: min f(!) =
mX

e=1

!e

<latexit sha1_base64="0P76z0DaljGBcIi8+6+Hlc9sKWU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6CbMiMV3QilblwqWCt06pBJ77SheQxJRihD/8eNv+JCFz5w63+Y1i607YWQwznncu89ccqZsb7/4c3NLywuLa+sFtbWNza3its7t0ZlmkKdKq70XUwMcCahbpnlcJdqICLm0Ih7F0O98QDaMCVvbD+FliAdyRJGiXVUVKyFgkmcHIax4m3TF+7LQyWgQwZH+ByHJhNRDg4Fg3uBZ7giiIolv+yPCk+DYAxKaFxXUfElbCuaCZCWcmJMM/BT28qJtoxyGBTCzEBKaI90oOmgJAJMKx/dOsAHjmnjRGn3pMUj9m9HToQZbuicgtiumdSG5CytmdnkrJUzmWYWJP0dlGQcW4WHweE200At7ztAqGZuV0y7RBNqXbwFF0IwefI0uD0uB5XyyXWlVK2N41hBe2gfHaIAnaIqukRXqI4oekTP6A29e0/eq/fpff1a57xxzy76V973D4TYp+U=</latexit>

g(!) = ⇥� P (s < 1) < 0

<latexit sha1_base64="Fn7cHPi4gtJP86jx32nxcq5Fdhg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0C8uMVHShUHTjskJf0BlKJr1tQzOTIckIZehfuPFX3LhQxK3u/BvTdhbaeiDJ4Zx7yb3HjzhT2ra/rczK6tr6RnYzt7W9s7uX3z9oKhFLCg0quJBtnyjgLISGZppDO5JAAp9Dyx/dTv3WA0jFRFjX4wi8gAxC1meUaCN18+VB0fUF76lxYJ7EFQEMyKSEr7FbH4Im+BTXigpfYadkLrubL9hlewa8TJyUFFCKWjf/5fYEjQMINeVEqY5jR9pLiNSMcpjk3FhBROiIDKBjaEgCUF4y22uCT4zSw30hzQk1nqm/OxISqOngpjIgeqgWvan4n9eJdf/SS1gYxRpCOv+oH3OsBZ6GhHtMAtV8bAihkplZMR0SSag2UeZMCM7iysukeVZ2KuXz+0qhepPGkUVH6BgVkYMuUBXdoRpqIIoe0TN6RW/Wk/VivVsf89KMlfYcoj+wPn8AWGyc0A==</latexit>

The constraint function: 

g(!)

<latexit sha1_base64="2btMzY2dn1+lAvKBoYLD/ruhQg4=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQ5mW0MtHj0IvHCe4D1jLSNN3C0qQkqTDqDv4rXjwo4tV/w5v/jenWg24+CHm89/uRlxckjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBKTNhZMyF6AFGGUk7ammpFeIgmKA0a6wfgm97sPRCoq+L2eJMSP0ZDTiGKkjTSwj4Y1LxAsVJPYXJknYjJE07OBXXXqzgxwmbgFqYICrYH95YUCpzHhGjOkVN91Eu1nSGqKGZlWvFSRBOExGpK+oRzFRPnZLP8UnholhJGQ5nANZ+rvjQzFKg9oJmOkR2rRy8X/vH6qoys/ozxJNeF4/lCUMqgFzMuAIZUEazYxBGFJTVaIR0girE1lFVOCu/jlZdI5r7uN+sVdo9q8Luoog2NwAmrABZegCW5BC7QBBo/gGbyCN+vJerHerY/5aMkqdg7BH1ifPy2+ljc=</latexit>

is extremely non-linear Local minima

Iteration: 59



Reinforcement Structures 
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Intermediate results Reinforcement Structures

Input for the the next optimization

Constrained



The Restart Strategy
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Initial Input

MMA
Optimizer

Intermediate results

Reinforcement 
structures

New input

nopt

<latexit sha1_base64="5rzi7dYLX2AgDEf5uUEx+LJXAVY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4bua3nrixIlGPONE8jOlQiYFgFJ3UUr0s0TjtlSt+1Z+DrJIgJxXIUe+Vv7r9hKUxV8gktbYT+BrDjBoUTPJpqZtarikb0yHvOKpozG2Yzc+dkjOn9MkgMa4Ukrn6eyKjsbWTOHKdMcWRXfZm4n9eJ8XBTZgJpVPkii0WDVJJMCGz30lfGM5QThyhzAh3K2EjaihDl1DJhRAsv7xKmhfV4LJ69XBZqd3mcRThBE7hHAK4hhrcQx0awGAMz/AKb572Xrx372PRWvDymWP4A+/zB8oOj+A=</latexit>

Iterations

nopt = 3

<latexit sha1_base64="faZZA0iDf3+5GI2pQj/B9iyYLEM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKexqRC9C0IvHCOYBSQizk0kyZHZmmekVwpLP8OJBEa9+jTf/xkmyB40WNBRV3XR3hbEUFn3/y8utrK6tb+Q3C1vbO7t7xf2DhtWJYbzOtNSmFVLLpVC8jgIlb8WG0yiUvBmOb2d+85EbK7R6wEnMuxEdKjEQjKKT2qqX6hin5Jqc94olv+zPQf6SICMlyFDrFT87fc2SiCtkklrbDvwYuyk1KJjk00InsTymbEyHvO2oohG33XR+8pScOKVPBtq4Ukjm6s+JlEbWTqLQdUYUR3bZm4n/ee0EB1fdVKg4Qa7YYtEgkQQ1mf1P+sJwhnLiCGVGuFsJG1FDGbqUCi6EYPnlv6RxVg4q5Yv7Sql6k8WRhyM4hlMI4BKqcAc1qAMDDU/wAq8ees/em/e+aM152cwh/IL38Q12EpC4</latexit>



The Restart Strategy

34

Initial Input

MMA
Optimizer

Intermediate results

Reinforcement 
structures

New input
nopt = 3

<latexit sha1_base64="faZZA0iDf3+5GI2pQj/B9iyYLEM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKexqRC9C0IvHCOYBSQizk0kyZHZmmekVwpLP8OJBEa9+jTf/xkmyB40WNBRV3XR3hbEUFn3/y8utrK6tb+Q3C1vbO7t7xf2DhtWJYbzOtNSmFVLLpVC8jgIlb8WG0yiUvBmOb2d+85EbK7R6wEnMuxEdKjEQjKKT2qqX6hin5Jqc94olv+zPQf6SICMlyFDrFT87fc2SiCtkklrbDvwYuyk1KJjk00InsTymbEyHvO2oohG33XR+8pScOKVPBtq4Ukjm6s+JlEbWTqLQdUYUR3bZm4n/ee0EB1fdVKg4Qa7YYtEgkQQ1mf1P+sJwhnLiCGVGuFsJG1FDGbqUCi6EYPnlv6RxVg4q5Yv7Sql6k8WRhyM4hlMI4BKqcAc1qAMDDU/wAq8ees/em/e+aM152cwh/IL38Q12EpC4</latexit>



Parameter Choice

35

nopt=1 nopt=2 nopt=3 nopt=4



Outline

• Previous work
• Stochastic Structural Optimization 
• Our methods
• Faster gradients computations
• Robust gradients
• A constrained restart strategy 

• Results
• Conclusions and future work
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Raven

37

Resolution: 32⇥ 64⇥ 40

<latexit sha1_base64="HhC6Ax7qhHBI+R9wE7hMu42coxU=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCK5KUuNlWXTjsoK9QBvKZDpph04mYWYilNqFr+LGhSJufQ13vo3TNoK2/jDw8Z9zOGf+IOFMacf5snJLyyura/n1wsbm1vaOvbtXV3EqCa2RmMeyGWBFORO0ppnmtJlIiqOA00YwuJ7UG/dUKhaLOz1MqB/hnmAhI1gbq2MfnJZRW7OIKnTu/ZDndOyiU3KmQovgZlCETNWO/dnuxiSNqNCEY6VarpNof4SlZoTTcaGdKppgMsA92jIosNnjj6b3j9GxcboojKV5QqOp+3tihCOlhlFgOiOs+2q+NjH/q7VSHV76IyaSVFNBZovClCMdo0kYqMskJZoPDWAimbkVkT6WmGgTWcGE4M5/eRHq5ZLrlc5uvWLlKosjD4dwBCfgwgVU4AaqUAMCD/AEL/BqPVrP1pv1PmvNWdnMPvyR9fENG9aUPg==</latexit>



38

Time per iteration
Previous: 11.87 hrs
Ours: 5.46 minutes 130 ⇥

<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>



Dog

39

40⇥ 64⇥ 60

<latexit sha1_base64="ir2oqtxog1Uo7POp6ptH3UEC92I=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclkXhZFt24rGAv0IYymU7aoZNJmDkRSuzCV3HjQhG3voY738ZpG0Rbfxj4+M85nDN/kAiuwXG+rMLS8srqWnG9tLG5tb1j7+41dJwqyuo0FrFqBUQzwSWrAwfBWoliJAoEawbD60m9ec+U5rG8g1HC/Ij0JQ85JWCsrn3gObgDPGIan3s/5HTtslNxpsKL4OZQRrlqXfuz04tpGjEJVBCt266TgJ8RBZwKNi51Us0SQoekz9oGJTF7/Gx6/xgfG6eHw1iZJwFP3d8TGYm0HkWB6YwIDPR8bWL+V2unEF76GZdJCkzS2aIwFRhiPAkD97hiFMTIAKGKm1sxHRBFKJjISiYEd/7Li9A4rbhe5ezWK1ev8jiK6BAdoRPkogtURTeohuqIogf0hF7Qq/VoPVtv1vustWDlM/voj6yPbx1JlD8=</latexit>

Resolution: 



40

Time per iteration
Previous: 41.72 hrs
Ours: 7.68 minutes 326 ⇥

<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>



Armadillo

41

56⇥ 64⇥ 52

<latexit sha1_base64="uGslFAAUGLBTzQY077KwjvlzaWM=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaL4Kokpa0ui25cVrAXaEOZTCft0MkkzJwIJXbhq7hxoYhbX8Odb+O0jaCtPwx8/OcczpnfjwXX4Dhf1srq2vrGZm4rv72zu7dvHxw2dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/mj62m9dc+U5pG8g3HMvJAMJA84JWCsnn1cqeIu8JBpXC3/UKXUswtO0ZkJL4ObQQFlqvfsz24/oknIJFBBtO64TgxeShRwKtgk3000iwkdkQHrGJTE7PHS2f0TfGacPg4iZZ4EPHN/T6Qk1Hoc+qYzJDDUi7Wp+V+tk0Bw6aVcxgkwSeeLgkRgiPA0DNznilEQYwOEKm5uxXRIFKFgIsubENzFLy9Ds1R0y8XKbblQu8riyKETdIrOkYsuUA3doDpqIIoe0BN6Qa/Wo/VsvVnv89YVK5s5Qn9kfXwDKfWURw==</latexit>

Resolution: 



42

Time per iteration
Previous: 61.42 hrs
Ours: 6.6 minutes 558 ⇥

<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>
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Adaptative to Real World Loading

Initial Objects
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Adaptative to Real World Loading

Force contact locations
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Adaptative to Real World Loading
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Adaptative to Real World Loadings



Physical Validation
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Physical Validation
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Physical Validation
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Outline

• Previous work
• Stochastic Structural Optimization 
• Our methods
• Faster gradients computations
• Robust gradients
• A constrained restart strategy 

• Results
• Contributions and future work
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Contributions

• Fast and Robust Stochastic Structural 
Optimization 
• Asymptotically faster 
• Robust, stable probability gradients
• A constrained restart strategy
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O(n2)

<latexit sha1_base64="2YjUaPY3yLqDFvmXaQObvk+r5A4=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktFT0WvXizgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdD31W09UaSbFvRnH1I/wQLCQEWys1LwtiYfKWa9QdMvuDGiZeBkpQoZ6r/DV7UuSRFQYwrHWHc+NjZ9iZRjhdJLvJprGmIzwgHYsFTii2k9n107QqVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDST5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQHkbgrf48jJpVspetXx+Vy3WrrI4cnAMJ1ACDy6gBjdQhwYQeIRneIU3RzovzrvzMW9dcbKZI/gD5/MHY4GOXA==</latexit>

O(n)

<latexit sha1_base64="Xtd46eL6PURlkyJ0r7DcTud5WFM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdVeT4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rXLh3qlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPPKSNuA==</latexit>



Limitations

• Force contact locations are fixed 

• Expensive gradient computation 

• Requires multiple optimization passes
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Future Work

• Sparse optimization  
• Identify the reinforcement structures on the fly 
• Incorporate shape change at contact locations 
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[Liu et al. 2018]



Thank You
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